Abstract. In this paper, we study the product of a Hankel operator and a Toeplitz operator on the Hardy space. We give necessary and sufficient conditions of when such a product H f Tg is compact.
Introduction
Let D be the open unit disk in the complex plane. Let L 2 denote the Lebesgue space of square integrable functions on the unit circle ∂D. The Hardy space H 2 is the subspace of L 2 of analytic functions on D. Let P be the orthogonal projection from L 2 to H 2 . For f ∈ L ∞ , the Toeplitz operator T f and the Hankel operator H f with symbol f are defined by T f h = P (f h),
and
for h ∈ H 2 . Here U is the unitary operator on L 2 defined by U h(z) =zh(z), wheref (z) = f (z). Clearly, H * f = H f * , where f * (z) = f (z). Hankel operator can also be defined by
and it is easy to verify that H f = U H f .
Let us first look at the compactness of Toeplitz and Hankel operators individually. The only compact Toeplitz operator is the zero operator (see for example [6] , [17] ). For the Hankel operator, we have the following theorem (see for example [12] , [17] ), usually referred to as Hartman's Criterion.
Then the Hankel operator H f is compact if and only if
f ∈ H ∞ + C.
Here C denotes the space of continuous functions on the unit circle. H ∞ + C is the linear span of H ∞ and C. It is a closed subalgebra of L ∞ containing H ∞ (see [13] ).
if and only if for each support set S, eitherf | S or g| S is in H ∞ | S .
Later, Zheng in [16] gave the following elementary condition that also characterizes the compactness of Hf H g .
Here k z denotes the normalized reproducing kernel at z.
The relations between these three conditions in Theorem 1.2, 1.3 and 1.4 can be found in Section 3 and 4. Inspired by the above theorems, we consider the product of a Hankel operator and a Toeplitz operator in this paper. The following theorem is our main result: 
Analogously to Theorem 1.2, we also obtain the following algebraic version of Theorem 1.5:
if and only if for each support set S, one of the following holds:
In Section 6, we will give a generalization of Theorem 1.5 to the sum of two products of Hankel and Toeplitz operators.
Preliminaries
We begin this section by establishing the relation between Toeplitz operators and Hankel operators. Consider the multiplication operator M f on L 2 for f ∈ L ∞ , defined by M f h = f h. M f can be expressed as an operator matrix with respect to the decomposition
⊥ as the following:
, so multiplying the matrices and comparing the entries, we get:
. Define x ⊗ y to be the following rank one operator on L 2 :
For each z ∈ D, let k z denote the normalized reproducing kernel at z:
and φ z be the Möbius transform:
We have the following identities:
These identities can be found in [9] , [15] and [16] . The next lemma in [5] and [9] gives a relation between
To state the local conditions, we need some notation for the maximal ideal space. For a uniform algebra B, let M (B) denotes the maximal ideal space of B, the space of nonzero multiplicative linear functionals of B. Given the weak-star topology of B * , which is called the Gelfand topology, M (B) is a compact Hausdorff space.
We identify D in the usual way as a subset of M (H ∞ ) (see for example [7] ). By
is called a support set if it is the support of a representing measure for a functional in M (H ∞ + C).
Proof of Theorem 1.6
In this section we prove Theorem 1.6. The proof we present here is analogous to the proof of [8 
The proof is based on the following two lemmas:
Proof of Theorem 1.6. Let
By Lemma 3.1,
Suppose
gives that either condition (1) or condition (2) holds.
Conversely, let S be the support set for m ∈ M (H ∞ + C) and suppose one of the Conditions (1) and (2) holds for m. Then by Lemma 3 
Compact Operators and Local Condition
In this section, we present the main tools in the proof of Theorem 1.5.
The following lemma in [9, Lemma 9] gives a nice property of compact operators. In [10] , Guo and Zheng used the distribution function inequality to prove the following theorem, which can be viewed as a partial converse of Lemma 4.1. 1 cannot be applied directly to H f T g , since H f T g might not be a finite sum of finite products of Toeplitz operators. However, by Proposition 2.1,
) is a finite sum of finite products of Toeplitz operators.
Remark 4.3. The symbol map σ that sends every Toepltiz operator T φ to its symbol φ was introduced in [6] and can be defined on the Toeplitz algebra, the closed algebra generated by Toeplitz operators. Barría and Halmos in [2] showed that σ can be extended to a * -homomorphism on the Hankel algebra, the closed algebra generated by Toeplitz and Hankel operators. And they also showed that the symbols of compact operators and Hankel operators are zero. Note that (H f T g ) * (H f T g ) has symbol zero, so it is a compact perturbation of a Toeplitz operator if and only if it is compact. By Theorem 4.1 and above remarks, we have
is compact if and only if
The following lemma from [8, Lemma 2.5, 2.6] which interprets the local condition in an elementary way, will be used several times later.
, and let S be the support set of m. Then the following are equivalent:
We also need the following technical lemma.
Proof of the Main Theorem
In this section, we prove Theorem 1.5. First we set up the following two identities:
Since k z → 0 weakly as |z| → 1 and H f T g is compact,
By Lemma 2.2, lim
Let m ∈ M (H ∞ + C) and let S be the support set of m. By the Corona Theorem, there is a net z converging to m, and
By Lemma 4.2, we have f | S ∈ H ∞ | S or g| S ∈ H ∞ | S . In the second case,we have
The first inequality comes from Proposition 2.1 and the last equality follows from Notice that (T f H g ) * = H g * Tf . Combining Theorem 1.5 and Theorem 1.6, we get the following characterization of the compactness of the product T f H g :
The following are equivalent:
(3) For each support set S, one of the following holds:
A Generalization
In this section, we prove a generalization of Theorem 1.5 that characterizes the compactness of the sum of two products of Hankel and Toeplitz operators.
is compact if and only if for each support set S, one of the following holds:
Proof. Necessity: Suppose K is compact. By Lemma 4.1 and Lemma 5.1, as in the proof of Theorem 1.5, we have
and let S be the support set of m. By the Corona Theorem, there exist a net z → m such that
By symmetry, we only need to consider
Lemma 4.2 gives f 1 | S ∈ H ∞ | S , and (6.1) implies
By the proof of Theorem 1.5, Condition (1) or (2) holds.
Again, by symmetry, we only consider the case
Lemma 4.2 gives g 1 | S ∈ H ∞ | S , and (6.1) implies
From the proof of Theorem 1.5,
If ( Using the identity
we get
The last equality comes from (6.2), (6.5), (6.6) 
Then |t z | ≤ 1 δ , and we may assume t z → t for some constant t. Thus 0 = lim
If t = 0, then we go back to CASE 2. Now assume t = 0, let c = −t, then (6.7) lim
By Lemma 4.2, we obtain Then we use the identity
By (6.7), (6.9) and the compactness of K, we have
Therefore, Lemma 4.2 implies (f 1 (g 1 − cg 2 ))| S ∈ H ∞ | S , which gives Condition (5). Sufficiency: To prove the converse, we will use Corollary 4.1 as in the proof of Theorem 1.5. It suffices to show: for any m ∈ M (H ∞ + C),
By Lemma 5.2, Thus, (6.14) holds. This completes the proof.
